The notion of a chord diagram emerged from Vassiliev's work Vas90], Vas92] (see also Gusarov Gus91], Gus94] and Bar-Natan BN91], BN95]). Slightly later, Kontsevich Kon93] de ned an invariant of classical knots taking values in the algebra generated by formal linear combinations of chord diagrams modulo the four-term relation. This knot invariant establishes an isomorphism of a projective limit of algebras generated by the Vassiliev equivalence classes of knots onto the algebra of chord diagrams.
The notion of a chord diagram emerged from Vassiliev's work Vas90] , Vas92] (see also Gusarov Gus91] , Gus94] and Bar-Natan BN91], BN95]). Slightly later, Kontsevich Kon93] de ned an invariant of classical knots taking values in the algebra generated by formal linear combinations of chord diagrams modulo the four-term relation. This knot invariant establishes an isomorphism of a projective limit of algebras generated by the Vassiliev equivalence classes of knots onto the algebra of chord diagrams.
Kontsevich originally de ned his invariant of knots via a multiple integral given by an explicit but complicated analytic expression. This expression, however beautiful, does not reveal the combinatorial nature of the invariant. (A similar situation would occur if the linking number of knots were introduced via the Gauss integral formula without a combinatorial calculation). A combinatorial reformulation of the Kontsevich integral appeared in the works of Bar-Natan BN94], Cartier Car93], Le and Murakami LM93], Piunikhin Piu95] (see also Kas95, Chapter XX] ). On the algebraic side, this reformulation uses the notions of braided and in nitesimal symmetric categories as well as the notion of an associator introduced by Drinfeld Dri89] in his study of quasitriangular quasi-Hopf algebras. On the geometric side, one uses categories of tangles, as introduced by Yetter and Turaev (see Tur94] ). Note also that a counterpart of the Kontsevich knot invariant in the theory of braids was discovered earlier by Kohno Koh85] who considered an algebraic version of chord diagrams.
In this paper we clarify the relationship between tangles and chord diagrams. It is formulated in terms of categories whose sets of morphisms are spanned by tangles and chord diagrams, respectively. More precisely, we x a commutative ring R and consider categories T (R) and A(R) whose morphisms are formal linear combinations of framed oriented tangles and chord diagrams with coe cients in R, cf. Section 2. The set of morphisms in T (R) has a canonical ltration given by the powers of an ideal I which we call the augmentation ideal. Functions on morphisms in T (R) vanishing on I m+1 are exactly the Vassiliev invariants of degree m for framed oriented tangles. Completing T (R) at the ideal I, we obtain the pro-unipotent completion b T (R) = lim ?m T (R)=I m+1 . Our main result (Corollary 2.5) states that, if R contains the eld Q of rational numbers, then b
T (R) is isomorphic to a suitable completion b
A(R) of the category A(R). Thus, the 1 study of the unipotent quotients T (R)=I m+1 , m = 0; 1; : : :, i.e., the Vassiliev equivalence classes of tangles, is equivalent to the study of chord diagrams. These results generalize the theorems of Kontsevich and Kohno pertaining to knots and braids.
Composing the natural functor T (R) ! b T (R) and the isomorphism b T (R) = b A(R), we obtain a covariant functor T (R) ! b A(R). This functor transforms every tangle (viewed as a morphism in T (R)) into a morphism in b A(R), i.e., into a formal sum of chord diagrams considered up to the four-term relation. This sum is an isotopy invariant of the original tangle, called its chord diagram invariant. From it one can compute a number of previously known invariants, including the quantum invariants of a tangle de ned via quantum groups and R-matrices. In Corollary 7.3 we give an explicit formula computing the quantum invariants of a knot from its chord diagram invariant. This formula appeared as Theorem XX.8.3 in Kas95] (with a sketch of a proof) and was independently obtained by Le and Murakami LM94] . The second aim of this paper is to generalize the theory outlined above to embedded graphs in R 3 . This generalization follows the same lines but involves an additional relation between chord diagrams based on graphs. Although it is possible to give an analytic expression for the resulting chord diagram invariants of graphs, we con ne ourselves to an algebraic approach. For another approach to nite-type invariants of graphs, see Sta92] . The plan of the paper is as follows. We recall in Section 1 the Vassiliev equivalence of knots and formulate the theorem of Kontsevich computing the algebra of the corresponding equivalence classes in terms of chord diagrams. In Section 2 we de ne the categories T (R), T (R) is indeed the pro-unipotent completion of T (R). In Section 4 we recall the notion of an in nitesimal symmetric category and the Drinfeld-Cartier integration for such categories.
In Section 5 we show that A(R) is an in nitesimal symmetric category. In Section 6 we combine the constructions and results of the previous sections to establish the isomorphism b T (R) = b A(R). In Section 7 we compute the quantum invariants of a knot from its chord diagram invariant. In Sections 8 and 9 we generalize the theory outlined above to ribbon graphs and framed graphs, respectively. The paper is provided with four appendices. In Appendix A we reformulate Drinfeld's results on the monodromy of the Knizhnik-Zamolodchikov equations in terms of an equivalence of ribbon categories. In Appendix B we present a graphical calculus for the morphisms in an in nitesimal symmetric category. In Appendix C we show how to recover the above-mentioned result of Kohno on pure braid groups with the technique of the present paper. In Appendix D, using Drinfeld's work on the Grothendieck-Teichm uller group, we construct an action of the Galois group Gal( Q=Q) on the Vassiliev equivalence classes of knots and links.
Part of this paper was written at the Institute for Advanced Study in Princeton. We thank the Institute for its hospitality and P. Deligne for valuable comments.
1. Kontsevich's theorem for knots 1.1. The truncated groups of framed knots. A singular knot is an immersion of an oriented circle in R 3 . We assume that the singular points of the immersion are nite in number and are all double points with transversal branches.
If a singular knot is equipped with a framing, we say that it is framed. We always assume that at any double point the branches have the same framing, i.e., have a common normal vector eld. There is an obvious notion of isotopy of (framed) singular knots generalizing the concept of isotopy for (framed) knots. Such an isotopy carries double points onto double points.
In the sequel we shall represent singular framed oriented knots by planar diagrams whose framings are given by a vector eld perpendicular to the plane and pointing to the reader. We shall represent a double point as in Let R be a commutative ring. We consider the R-module N sing (R) generated by the isotopy classes of singular framed oriented knots in R 3 modulo relations of the form K = K + ? K ?
(1:1:1)
where K is a singular knot, and K + and K ? have been obtained by desingularizing a double point as above. Applying (1.1.1) repeatedly, we see that the class of any singular knot in N sing (R) is a linear combination with integer coe cients of classes of knots without double points.
For an integer m 0, we consider the R-module N m (R) obtained as the quotient of N sing (R) by the submodule generated by all singular knots with > m double points. The R-modules N m (R), m = 0; 1; 2; : : : form a projective system whose projective limit will be denoted by b N(R). Observe that the dual space Hom(N m (R); R) is the space of Vassiliev framed oriented knot invariants of degree m with values in R (see BN95] , Gus91] , Gus94], Kas95, Chapter XX.1]).
Observe also that N m (R) = N m (Z) Z R, which implies that, if R contains a eld, then N m (R) is a free R-module.
1.2. Chord diagrams. A chord diagram on an oriented circle is a nite (possibly empty) set of unordered pairs of distinct points on the circle, together with an element of Z=2, called the residue of the chord diagram. By a homeomorphism of chord diagrams, we mean an orientation-preserving homeomorphism of the circle preserving the distinguished pairs of points and the residues. In our pictures, we shall draw a dashed line, called a chord, between the two points of a distinguished pair.
Let D be a chord diagram and let a; b; c be three distinct points of the circle, not belonging to the distinguished pairs of points of D. Let Figure 1 .3. It is understood that they are identical except for the parts shown in the gure and that their residues are the same. In the above square, the vertical maps are the obvious projections. In Section 2 we shall generalize Theorem 1.3 to tangles. 
The categories T and A(R), and the isomorphism b T (R) = b A(R)
In this section we give a categorical generalization of the content of Section 1.
2.1. The category of tangles. Framed oriented tangles in R 2 0; 1] (whose precise de nition can be found in Tur94], see also Section 8.1) form a category T that plays a fundamental rôle in the theory of quantum invariants of knots and links in R 3 . Let us recall that the objects of T are nite sequences (" 1 ; : : : ; " k ) where " 1 ; : : : ; " k 2 f+; ?g, including the empty sequence ;. Morphisms in T are isotopy classes of framed oriented tangles in R 2 0; 1]. In the endpoints of tangles, the framing is given by the vector (0; ?1; 0). The source s(T) of a tangle T is the sequence (" 1 ; : : : ; " k ) where k is the number of boundary points of T sitting on the line R f0g f0g and where " i = + if the tangle is oriented towards the point (i; 0; 0) and " i = ? otherwise. If k = 0, we agree that the source of T is the empty sequence. We de ne the target t(T) of T as the sequence ( 1 ; : : : ; `) where`is the number of boundary points of T sitting on the line R f0g f1g and where j = ? if the tangle is oriented towards the point (j; 0; 1) and j = + otherwise. If`= 0, then the target of T is the empty sequence.
The identity of an object " = (" 1 ; : : : ; " k ) is the tangle id " = f1; : : : ; kg f0g 0; 1] with the blackboard framing, i.e., the framing given by the vector (0; ?1; 0), and with orientation determined by s(id " ) = ". The composition of two morphisms f : " ! " 0 and f 0 : " 0 ! " 00 represented by framed tangles T and T 0 is obtained by putting T 0 on top of T, gluing the bottom ends of T 0 with the corresponding top ends of T, and compressing the resulting tangle into R 2 0; 1]. Note that the set of endomorphisms of the object ; in T is the set of isotopy classes of framed oriented links in R 2 ] 0; 1 , hence in R 3 .
We now extend the tangle category T to a category of singular tangles. A singular framed oriented tangle is de ned in the same way as an ordinary framed oriented tangle, except that we replace the word \embedding" by \immersion", the possible singularities being a nite number of double points (looking as in Figure 1 .1) occurring only in the open set R 2 ] 0; 1 , such that at any double point the branches have the same framing.
We de ne the source and the target of a singular tangle as for ordinary tangles. There is an obvious notion of isotopy of singular framed oriented tangles, carrying double points onto double points.
We are now ready to de ne a category T sing (R) for any commutative ring R. Its objects are the same as the objects of the tangle category T . Given two objects s and s 0 , we de ne the set of morphisms s ! s 0 as the R-module generated by the isotopy classes of singular framed oriented tangles with source s and target s 0 modulo the relations obtained from (1.1.1) by replacing singular knots by singular tangles. Composition is as in the tangle category. Observe that the algebra of endomorphisms of the object ; in T sing (R) contains the R-module N sing (R) of Section 1.1.
The category b T (R)
. Given an integer m 0, we de ne a category T m (R) as follows. Its objects are the same as the objects of T or T sing (R). The set of morphisms from an object s of T m (R) to another object s 0 is the quotient of the R-module Hom T sing (R) (s; s 0 ) by the submodule generated by the singular tangles with > m double points. The category T m (R) is called a truncated tangle category. Note that the R-module N m (R) of Section 1.1 is a submodule of Hom T m (R) (;; ;).
There is a canonical projection p m : T m (R) ! T m?1 (R) that is the identity on objects.
We obtain a projective system of categories
Let us consider its projective limit b T (R). The objects of b T (R) are the same as the objects of T or T sing (R). The set of morphisms of b T (R) is the projective limit of the sets of morphisms of T m (R), m = 0; 1; 2; : : :.
The map that is the identity on objects and sends a singular tangle to its class in T m (R) is a functor T sing (R) ! T m (R). It induces functors T ! T sing (R) ! b T (R): 6 2.3. The category A(R) of chord diagrams. We now give a categorical generalization of the algebra of chord diagrams. Let k,`be non-negative integers. A (k;`)-curve ? is a compact oriented one-dimensional manifold (i.e., a disjoint union of a nite number of oriented intervals and oriented circles) such that each connected component is equipped with an element of the group Z=2 called its residue and such that the boundary @? is decomposed as a disjoint union of two totally ordered sets U and V with card(U) = k and card(V ) =`. The elements of U are called bottom free ends or inputs of ?. The given order in U allows us to enumerate these free ends by the numbers 1; : : : ; k. Thus, we may speak of the rst, second, etc., inputs of ?. Similar remarks apply to elements of V which are called top free ends or outputs of ?.
By a homeomorphism of curves, we mean an orientation-preserving homeomorphism that respects the residue, the splitting of the boundary into inputs and outputs, and the order in the sets of inputs and outputs.
The source s(?) of a (k;`)-curve ? is the sequence (" 1 ; : : : ; " k ) where " i corresponds to the orientation of the interval attached to the i-th input, i.e., " i = + if this interval is oriented towards the i-th input and " i = ? otherwise. If k = 0, then the source of ? is the empty sequence. We de ne the target t(?) of ? as the sequence ( 1 ; : : : ; `) where j = ?
if the interval attached to the j-th output is oriented towards it and j = + otherwise. If = 0, then the target of ? is the empty sequence.
A chord diagram on a curve ? is a nite (possibly empty) set of unordered pairs of points on ? n @?, all points being distinct. By a homeomorphism of chord diagrams, we mean a homeomorphism of the underlying curves preserving the distinguished pairs of points. We de ne the source and the target of a chord diagram as the source and the target of the underlying curve, respectively. In our pictures, (k;`)-curves are drawn inside a horizontal strip, the k inputs lying on the bottom boundary line of the strip with the order increasing from left to right, and the`outputs lying on the top boundary line of the strip with the order also increasing from left to right. We draw a dashed line, called a chord, between the two points of a distinguished pair.
Fix a commutative ring R. Out of the homeomorphism classes of chord diagrams we build a category A(R) as follows. The objects of A(R) are the same as the objects of the tangle categories, namely nite sequences (" 1 ; : : : ; " k ) where " 1 ; : : : ; " k 2 f+; ?g and k 0. A morphism from s to s 0 in A(R) is an element of the R-module generated by the homeomorphism classes of chord diagrams with source s and target s 0 subject to Relation (1.2.1), which makes sense in the present context. It is understood that in the four pictures of Figure 1 .3, the leftmost intervals have equal residues, the middle intervals have equal residues, and the rightmost intervals also have equal residues. 3.1. Monoidal categories. Let C be a category and a covariant functor from C C to C. This means that for any pair (U; V ) of objects of C there exists an object U V , called the tensor product of U and V , and for any pair (f : U ! U 0 ; g : V ! V 0 ) of morphisms of C, there exists a morphism f g : U V ! U 0 V 0 such that id U id V = id U V for all objects U and V and (f 0 g 0 ) (f g) = (f 0 f) (g 0 g) (3:1:1) whenever composition is de ned. We say that the tensor product is strictly associative if
for all objects U, V , W in C. A unit object is an object 11 of C such that V 11 = V and 11 V = V (3:1:3) for all objects V in C. A strict monoidal category is a category C equipped with a strictly associative tensor product and a unit object 11. It is possible to replace Equalities (3.1.2) and (3.1.3) by functorial isomorphisms satisfying the Pentagon and the Triangle Axioms. This de nes the concept of a monoidal category. However, most results in this paper will be stated in terms of strict monoidal categories. This does not lead to a loss of generality because of Mac Lane's coherence theorem which states that any monoidal category C is equivalent to a strict monoidal category C str (for a construction of C str , see, e.g., Kas95, Chapter XI.5]).
Let C and C 0 be monoidal categories. A monoidal functor from C to C 0 is a triple (F; ' 0 ; ' 2 ) where F : C ! C 0 is a covariant functor, ' 0 : 11 C 0 ! F(11 C ) is an isomorphism, and ' 2 (V; W) : F(V ) F(W) ! F(V W) is a family of natural isomorphisms indexed by all couples (V; W) of objects of C. These maps are subject to certain compatibility conditions (see Kas95, Chapter XI.4]). When the isomorphisms ' 0 and ' 2 are identities, we say that the functor F is a strict monoidal functor or that it preserves the tensor product.
3.2. Ribbon structures. Let C be a strict monoidal category. It has duality if for each object V of C there is an object V together with morphisms b V : 11 ! V V and d V : V V ! 11 such that for all objects V; W in C. A strict ribbon category is a strict braided category with duality and twist. The above de nitions extend to non-strict monoidal categories. It su ces to insert the associativity and unit isomorphisms in the corresponding equations. We can thus speak of (non-strict) monoidal categories with duality, braided, or ribbon categories.
3.3. Ideals in a monoidal category. Let R be a commutative ring. We say that a monoidal category C is R-linear if the Hom-sets in C are R-modules and if the composition and the tensor product of morphisms are R-bilinear.
By an ideal in an R-linear monoidal category C we mean a class I of morphisms in C satisfying the following condition: for any morphisms f, g in C such that at least one of them belongs to I, the morphisms f g (when it is de ned) and f g belong to I. We also assume that the set I(V; W) of morphisms in I from V to W is an R-submodule of Hom C (V; W). We say that an ideal I of C is generated by a set of morphisms of C if I is the smallest ideal containing that set. Given an integer m 0, we de ne I m+1 as the ideal generated by morphisms of the form f 1 ? ? f n where ? is either the composition or the tensor product of morphisms and at least m + 1 morphisms among the f i 's belong to I.
Given an ideal I in C, we de ne the quotient category C=I as the category whose objects are the same as the objects of C and whose morphisms are given by Hom C=I (V; W) = Hom C (V; W)=I(V; W) for all objects V , W of C. It is clear that C=I is an R-linear monoidal category. 3.4. The pro-unipotent completion of a braided category. Let C be an Rlinear braided category. Let I be the ideal of C generated by the morphisms of the form c W;V c V;W ? id V W for all objects V; W. We call I the augmentation ideal of C.
Let us consider the powers of I. The categories C=I m+1 , m = 0; 1; 2; : : :, form a projective system. We consider its projective limit, which we call the pro-unipotent completion of C.
3.5. Ribbon structure on the tangle category. We now identify the category b T (R)
of Section 2.1 as a pro-unipotent completion. But, rst, we recall the ribbon structure of the tangle category T . The tensor product of two objects s and s 0 of T is their concatenation ss 0 . The tensor product f g of morphisms represented by tangles T and T 0 respectively is the isotopy class of the tangle obtained by placing T to the left of T 0 so that there is no mutual linking or intersection. It is clear that this tensor product makes T into a strict monoidal category.
The category T is a strict ribbon category. The braiding c s;s 0 on a pair (s; s 0 ) of objects is represented by the framed tangle in Figure 3 .1, the orientation being determined by s and s 0 . Here, as in the sequel, the tangles drawn in our pictures will be tacitly given the blackboard framing. We thus get a functor from the projective system formed by the truncated tangle categories to the projective system (C=I m+1 ) m . Taking limits, we get a functor b F satisfying (3.7.1{ 3.7.2). It is clearly unique.
In nitesimal braidings
The categorical concepts intimately related to the theory of chord diagrams are those of an in nitesimal braiding and of an in nitesimal symmetric category. We x a commutative ring R. where C V is the endomorphism of V de ned by
(4:5:2)
In Example 4.3, the endomorphism C V is given by the action of the quadratic Casimir element P i2I x 2 i on the g-module V . By extension, we call C V the Casimir operator of V . The reader can nd more properties of in nitesimal symmetric categories in Appendix B.
4.6. Formal integration of in nitesimal symmetric categories. Let 
The category A(R)
In this section we show that the category A(R) de ned in Section 2.3 is a strict in nitesimal symmetric category. We rst equip A(R) with a tensor product. The tensor product of two objects s and s 0 is their concatenation ss 0 as sequences. The tensor product of two chord diagrams D; D 0 is their disjoint union where the inputs (resp. outputs) of D precede the inputs (resp. outputs) of D 0 (in the pictures, D D 0 is obtained by placing D to the left of D 0 ). This extends by R-linearity to a tensor product for all morphisms.
In this way, A(R) acquires the structure of a strict monoidal category whose unit object is the empty sequence ;.
We provide A(R) with duality as follows. For a non-empty sequence s = (" 1 ; : : : ; " k ) of , the dual sequence s is de ned by s = (?" k ; : : : ; ?" 1 ). The empty sequence is self-dual by de nition. Morphisms b s : ; ! s s and d s : s s ! ; are given by the pictures in Figure 3 .2 which we consider as chordless chord diagrams with residues equal to 0. The latter is a consequence of Relation (1.2.1) (see Figure 1 .3 for the case " i = " j = " k = + U; V; are as above. Moreover, the general case can be deduced from the case U = V = ;.
(a) When ' = id (") , there is nothing to prove. When ' = id 0 (") , Equation (5.2.1) is straightforward.
(b) When ' is a symmetry, both sides of (5.2.1) are equal, as can be seen in Figure 5 .4. Indeed, the leftmost diagram in that gure is homeomorphic to the rightmost diagram. The remaining two diagrams are also homeomorphic. Here, " i , " j , " k = determine the orientations of the intervals. The Casimir operator C s for the category A(R), as de ned in Section 4.5, can easily be described using (4.5.2). For instance, if s is the length-one object (+), then ?C s is the endomorphism of s represented in Figure 5 .6. It has residue 0. It is now enough to check (6.5.1) when D is one of the above-mentioned generators of the category A(R). 6.6. Proof of Theorem 2.4. It follows from Proposition 6.3 using the fact that T (R)=I m+1 = T m (R) (Theorem 3.6). 6.7. Remark. Note that Z(T) depends on the Drinfeld associator used to build the tensor product on the category A(R) h]] str . By LM94, Theorem 8] (cf. Remark 4.4), the series Z (T) and Z 0(T ) obtained by using two di erent Drinfeld associators and 0 are conjugated by a formal series with constant term 1. In particular, Z(T) does not depend on if T is a framed oriented link.
If we forget about residues, we recover the chord diagram invariant which, according to Le and Murakami LM93] , coincides with the invariant de ned for framed oriented knots by Kontsevich using multiple integrals.
Recovering the quantum invariants
Given a complex semisimple Lie algebra g and a nite-dimensional g-module V , Reshetikhin and Turaev RT90] constructed an isotopy invariant F g;V of framed oriented tangles depending on the data (g; V ). Because of the way used to de ne this invariant, it is often called a quantum invariant. The invariant F g;V (T) of a framed oriented tangle T can be expressed as a formal series In this section we shall give an explicit expression for F g;V (T) in terms of the invariant Z(T) of Section 6.
Starting from the semisimple Lie algebra g, we can construct two apriori unrelated ribbon categories.
( Observe that Theorem 7.2 gives another proof that F g;V;m is an invariant of degree m.
When the module V is simple, we can express the quantum invariant F g;V (K) of a framed oriented knot K in terms of Kontsevich of ( e V ), which is dim q (V ).
Extension to ribbon graphs
We now extend the results of Sections 2 and 6 to ribbon graphs and prove Theorem 5.4. (ii) the other bases of bands lie on the bases of coupons; otherwise, the bands, annuli, and coupons are disjoint;
(iii) the cores of the bands and annuli of are oriented. A framed tangle can be viewed as a ribbon graph without coupons.
By an isotopy of ribbon graphs we mean an isotopy in R 2 0; 1], constant on the boundary segments and preserving the splitting into annuli, bands, and coupons, as well as preserving the orientations of the cores, and the orientation of the graph surface.
Ribbon graphs may be organized into a ribbon category Rib. The objects are the same as for the tangle category, namely the nite sequences s = (" 1 ; : : : ; " m ) where " 1 ; : : : ; " m 2 f+; ?g and m 0. A morphism s ! s 0 of Rib is the isotopy class of a ribbon graph such that s (resp. s 0 ) is the sequence of directions of the cores of those bands which hit the bottom (resp. top) boundary segments. As usual, " = + corresponds to the downward direction near the corresponding boundary segment and " = ? corresponds to the band directed up. The sequence s (resp. s 0 ) will be called the source (resp. the target) of the ribbon graph.
The composition of two morphisms ? 1 : s ! s 0 and ? 2 : s 0 ! s 00 is obtained as in the category T , namely by putting the ribbon graph ? 2 on top of the ribbon graph ? 1 , gluing the corresponding ends, and compressing the resulting ribbon graph into R 2 0; 1]. The identity morphisms are the same as in T .
The category Rib has a natural tensor product de ned as in T , making it into a strict monoidal category. Actually, it is a strict ribbon category with braiding, duality, and twist de ned by the same ribbon graphs as in T (see Section 3.5). Let k,`be non-negative integers. A (k;`)-graph with coupons ? is an abstract graph whose vertices are coupons (as de ned in Section 8.1) and whose edges are oriented intervals and oriented circles. Assume that the following conditions hold:
(i) there is a nite number of intervals, circles, and coupons. Some ends of intervals lie on the bases of coupons; otherwise, the intervals, circles, and coupons are disjoint;
(ii) the set consisting of the free ends of ?, i.e., of the ends of intervals that do not lie on coupons, is decomposed as a disjoint union of two totally ordered sets U and V such that card(U) = k and card(V ) =`. The elements of U are called inputs of ?. The given order in U allows us to enumerate them by the numbers 1; : : : ; k. Similar remarks apply to elements of V which are called outputs of ?; (iii) each edge comes with an element of Z=2, called its residue.
By a homeomorphism of graphs with coupons, we mean a homeomorphism that preserves the intervals, circles, and coupons, the splitting of the free ends into inputs and outputs, the order in the sets of inputs and outputs, the orientations of the intervals and circles, and the residues.
The source s(?) of a (k;`)-graph with coupons ? is the sequence (" 1 ; : : : ; " k ) where " i corresponds to the orientation of the interval incident to the i-th input, i.e., " i = + if this interval is oriented towards the i-th input and " i = ? otherwise. If k = 0 we agree, as before, that the source of ? is the empty sequence. We de ne the target t(?) of ? as the sequence ( 1 ; : : : ; `) where j = ? if the interval incident to the j-th output is oriented towards it and j = + otherwise. If`= 0 we agree that the target of ? is the empty sequence.
Given a graph with coupons ?, we de ne a chord diagram on ? as a nite (possibly empty) set of unordered pairs of points on ?, all points being distinct and lying outside the free ends and the coupons of ?. By a homeomorphism of chord diagrams, we mean a homeomorphism of the underlying graphs preserving the distinguished pairs of points.
Let us x a commutative ring R. Once we have established Items (8.3.a) and (8.3.b), which will be done below, the proof of Theorem 8.3 follows easily.
We start by establishing (8. Proof.| Let D be a chord diagram with a coupon C. Fix a realization of D. Let x be a point of D not lying on any of its coupons and di erent from any of its free ends or any of its distinguished points. We specify a realization for each term of the sums In(x; C) and Out(x; C) as follows. Label the intervals incident to the bottom base (resp. to the top base) of C from left to right by 1; : : : ; m (resp. by 1; : : : ; n). The realization K (i) we choose for the chord diagram obtained from D by adding an extra chord between the point x and the i-th interval attached to the bottom base of C, is described as follows: add to the realization of D a band coming from a neighbourhood of x, passing above the bands numbered 1 to i ? 1, then intersecting the i-th band at a new double point, and going back to x below the bands numbered 1 to i ? 1 (see Figure 8 .3 where we represent bands as intervals with the blackboard framing; this convention will also be used in the sequel). The realization L (i) we choose for the chord diagram obtained from D by adding an extra chord between the point x and the i-th interval attached to the top base of C, is de ned in a similar way. 
where " i = +1 (resp. i = +1) if the lower (resp. upper) i-th band goes out of the bottom base (resp. comes into the top base) of the coupon, and " i = ?1 (resp. i = ?1) otherwise.
Note that " i (K (i)
is preserved under the inversion of the orientations of the lower (resp. upper) i-th bands. Therefore, it su ces to consider the case where all coe cients " i and i are equal to +1. From now on we assume that we are in this case. Since K (i) ? is isotopic to K ( The map preserves the tensor product on objects.
A morphism R in Rib is a ribbon graph. We de ne (R) to be the same ribbon graph whose bands and annuli are coloured by the object ((+)) of D, and where each coupon By composing the functors F and we get a functor Z c satisfying the conditions of Proposition 8.6. The proof of (8.6.1) follows the same lines as for Lemma 6.5.
It should be observed that Z c is uniquely determined by the conditions of Proposition 8.6. We are now ready to prove Theorem 5.4. 9. Extension to framed graphs 9.1. The category Rib . A framed graph is a compact surface in R 3 split into elementary pieces, such as bands, annuli, and discs playing respectively the rôles of edges, circle components, and vertices. Bands and annuli have been de ned in Section 8.1. A disc is a homeomorphic image of the unit disc in the Euclidean plane.
Let k,`be non-negative integers. We de ne a framed (k;`)-graph as an oriented surface embedded in the strip R 2 0; 1] and decomposed into a union of a nite number of annuli, bands, and discs such that (i) the surface meets the planes R 2 f0g and R 2 f1g orthogonally along the following segments which are bases of certain bands of : (ii) other bases of bands lie on the boundaries of discs; otherwise, bands, discs, and annuli are disjoint;
(iii) the cores of the bands and annuli of are oriented. A ribbon graph in the sense of Section 8.1 gives rise to a framed graph by viewing every coupon as a disc.
By an isotopy of framed graphs we mean an isotopy in R 2 0; 1], constant on the boundary segments and preserving the splitting into annuli, bands, and discs, as well as preserving the orientations of the cores, and the orientation of the graph surface.
Proceeding as for ribbon graphs in Section 8.1, we organize framed graphs into a strict ribbon category Rib . 9.2. The category A (R). We now give a version with discs of the category A c (R) of Section 8.2. Let k,`be non-negative integers. A (k;`)-graph with discs ? is an abstract graph whose vertices are discs and whose edges are oriented intervals and oriented circles. Assume that the following conditions hold: (i) there is a nite number of intervals, circles, and discs. Some ends of intervals lie on the boundaries of the discs; otherwise, the intervals, circles, and discs are disjoint;
(ii) the set consisting of the free ends of ?, namely of the ends of intervals that do not lie on discs, is decomposed as a disjoint union of two totally ordered sets U and V such that card(U) = k and card(V ) =`. The elements of U are called inputs of ?. Similar remarks apply to elements of V which are called outputs of ?; (iii) each edge comes with an element of Z=2 called its residue.
By a homeomorphism of graphs with discs, we mean a homeomorphism that preserves the intervals, circles, and discs, the splitting of the free ends into inputs and outputs, the order in the sets of inputs and outputs, the orientations of the intervals and circles, and the residues.
Given a graph with discs ?, we de ne a chord diagram on ? as a nite (possibly empty) set of unordered pairs of points on ?, all points being distinct and outside the free points and the discs of ?. By a homeomorphism of chord diagrams, we mean a homeomorphism of the underlying graphs preserving the distinguished pairs of points.
Fix a commutative ring R. We build a category A (R) out of chord diagrams on graphs with discs as follows. Its objects are the same as the objects of Rib. A morphism from s to s 0 in A (R) is an element of the R-module generated by the homeomorphism classes of chord diagrams on graphs ? with discs such that the source of ? is s and its target is s 0 , subject to the following three types of relations.
(i) Relation (1.2.1).
(ii) For any chord diagram D with a disc and any point x on the underlying graph not lying on any disc and di erent from any free end or from any distinguished point of D, we have I(x; ) = 0: (9:2:1) Here I(x; ) is the sum of the chord diagrams obtained from D by adding an extra chord relating x to an interval incident to close to the point where this interval meets . The coe cient of any term in this sum is +1 or ?1 according to whether the interval goes out of or comes into it. If there is no interval incident to , we set I(x; ) = 0.
(iii) The third relation is given by (8.2.2) where one replaces coupons by discs.
Composition and identity are de ned as for the category A(R) in Section 2.3. The category A (R) has a tensor product, a symmetry, a duality, and an in nitesimal braiding de ned as for A(R) (see Section 5). Observe that Relation (9.2.1) is necessary in order to prove (5.2.1) when ' is the chordless graph in The twist V is de ned by the following procedure: it is well known that, if it exists, its square 2 V can be expressed in terms of the braiding and duality maps (see, e.g., Kas95, Lemma XIV.3.4]). It is immediately checked that 2 V id V modulo h. Therefore, 2 V has a unique square root V with V id V mod h, which we take as the twist. A.1. Theorem. The functor E 0 is an equivalence between the ribbon categories S and S h .
Proof.| Using the techniques of quasi-triangular quasi-Hopf algebras and of gauge transformations, Drinfeld proved that E 0 is a monoidal functor and an equivalence of braided categories (see also Kas95, Corollary XIX.4.4]). It remains to be shown that E 0 preserves the duality and the twist. For duality, we observe that E 0 (V ) is a dual object in S h and we conclude by using the discussion in Dri89b, Section 1] on the uniqueness of duals in a monoidal category.
Finally, E 0 preserves the twist by an argument used above: since E 0 preserve the braiding and the duality, it has to preserve the square of the twist. In both categories S and S h the twist can be expressed as a formal series in 2 ? id. Since the latter is preserved by E 0 , so is the twist.
Let S be the in nitesimal symmetric category U(g)-Mod f of nite-dimensional gmodules considered in Example 4.3. It is easy to check that the \stricti cation" of S is equivalent to the category S str h]] str described in Section 4.6. The functor E used in Section 7 is the composition of the following equivalences: It is a strict monoidal functor. Since E 0 preserve the ribbon structures, so does E. 41 Appendix B. A graphical calculus for in nitesimal symmetric categories There is a useful pictorial calculus allowing to represent morphisms in a strict ribbon category by plane pictures (see Tur94, Chapter I], Kas95, Chapter XIV.1]). This calculus may be extended to strict in nitesimal symmetric categories with duality. The starting point is the same as in loc. cit., in particular, for the identity maps, the composition, and the tensor product of morphisms. Recall that the duality morphisms b V and d V are represented by the pictures in Figure B .1, and the braiding V;W and its inverse by the pictures in Figure B. 2. Here V , W are objects of a strict in nitesimal symmetric category. Let n be a positive integer, and let B n and P n be respectively the group of braids and the group of pure braids on n strands. We denote the standard generators of B n by 1 ; : : : ; n?1 . Given a commutative ring R, we consider the two-sided ideal I of the group algebra R B n ] generated by 1 ? ?1 1 ; : : : ; n?1 ? ?1 n?1 . Let I 0 be the ideal I \ R P n ] of the group algebra of P n .
C.1. Lemma. The ideal I 0 = I \ R P n ] is the augmentation ideal of R P n ].
Proof.| Clearly, I 0 lies in the augmentation ideal I + of R P n ]. Let us prove the opposite inclusion. It is well-known that the group P n has a set of generators fa ij g 1 i<j n?1 with a ij = f ij 2 i f ?1 ij for some f ij 2 B n . The ideal I + is generated by elements of the form a ij ? 1 Let p n be the Lie algebra generated over R by generators (t ij ) 1 i6 =j n subject to Relations (4.7.7{4.7.9). We denote by Up n its enveloping algebra, by J the augmentation ideal of Up n , and by b Up n the complete R-algebra The rst isomorphism has been established by Kohno in Koh85] using rational homotopy theory (see also Hai86]). Proof.| It follows the same lines as the proof of Theorem 2.4. The main di erence is that we replace the categories T and A(R) by smaller ones.
We replace T by the categories B and P whose objects are nite sequences of + and whose morphisms are isotopy classes of braids and of pure braids, respectively. These categories are braided in the same way as T . There are corresponding truncated categories B m (R) and P m (R). If we denote by n the object consisting of n +-signs, then
Hom P m (R) (n; n) = R P n ]=I m+1 0 and Hom B m (R) (n; n) = R B n ]=I m+1 :
The by killing all chord diagrams with more than m chords. Consequently, for any n and m we have R B n ]=I m+1 = Hom B m (R) (n; n) = Hom AB m (R) (n; n) and R P n ]=I m+1 0 = Hom P m (R) (n; n) = Hom AP m (R) (n; n): We next observe that the endomorphisms algebras of the object n in the categories AB m (R) and AP m (R) are respectively isomorphic to the algebras R S n ] Up n =J m+1 and Up n =J m+1 : under these isomorphisms, the chord diagram t i;j n is sent to the generator t ij and the four-term relation (1.2.1) corresponds to (4.7.9). We conclude the proof of Theorem C.2 by taking projective limits.
